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Abstract

Artificial intelligence and machine learning methods have seen tremendous advances in the past
decade, thanks to deep neural networks. Supervised learning methods enables neural networks to
effectively approximate low-level functions of human intelligence, such as identifying an object
within an image. However, many complex functions of human intelligence are difficult to solve with
supervised learning directly: humans can build concise representations of the world (compression),
generate works of art based on creative imaginations (generation), and infer how others will act
from personal experiences (inference).

In this dissertation, we focus on machine learning approaches that reduce these complex
functions of human intelligence into simpler ones that can be readily solved with supervised
learning and thus enabling us to leverage the developments in deep learning. This dissertation
comprises of three parts, namely compression, generation, and inference.

The first part discusses how we can apply supervised learning to unsupervised representation
learning. We develop algorithms that can learn informative representations from large unlabeled
datasets while protecting certain sensitive attributes. The second part extends these ideas to
learning high-dimensional probabilistic models of unlabeled data. Combined with the insights
from the first part, we introduce a generative model suitable for conditional generation under
limited supervision. In the third and final part, we present two applications of supervised learning
in probabilistic inference methods: (a) optimizing for efficient Bayesian inference algorithms and
(b) inferring the agents’ intent under complex, multi-agent environments. These contributions
enable machines to overcome existing limitations of supervised learning in real-world compression,

generation, and inference problems.
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Chapter 1

Introduction

Deep function approximators, such as neural networks, are highly successful in supervised learning;
given abundant labels that are directly provided by humans, neural networks can learn to map
training data to the corresponding labelsigRS16SHM" 16. However, this learning paradigm
does not suit complex algorithms that describe more sophisticated intelligent behaviors; these
include algorithms for e ective compression of data, algorithms that synthesize novel data, and
algorithms that infer the reward models of human drivers. These algorithms are di cult to solve
with direct supervised learning, since the acquisition of ground-truth labeésd, compressed
representation of a data point, realism of a synthesized sample, reward of a driving trajectory)
is either too expensive to acquire in mass quantities or challenging to de ne even for domain
experts [Zho18, Bar89, Gha03, HTF09].

The goal of this dissertation is to build machines that learn these complex algorithms with min-
imal direct supervision from humans. In particular, we discuss three key problems in unsupervised
machine learning that are instances of the tasks

Compression (Figure ) : How can we extract compact and informative representations of
the data that are useful for downstream goaks.d, accuracy, privacy, fairness)? These
representations can vastly reduce the need for labeled data in a new task.

Generation (Figure ) : How can we learn powerful generative models that capture complex,
multi-modal distributions from data sampleg.g.images, videos, demonstrations)? These
models can be used to manipulate existing data, evaluate test data, or synthesize new samples.

We provide a detailed account of these tasks in Chapter 2.



CHAPTER 1. INTRODUCTION 2

Inference (Figure ) : How can we e ciently infer crucial latent variables (or factors) from
existing observationsg.g.sample e ciency, reward functions)? The inferred latent variables
can be used to optimize certain algorithms.g, a Markovian policy) to a desired state.(,
an instance of the Markov chain Monte Carlo sampler, or a policy for autonomous driving).

(a) Compression. (b) Generation. (c) Inference.

Figure 1.1: Overview of the dissertation topic.

In this dissertation, we apply supervised learning to compression, generation, and inference. We
adopt ideas from information theoryg§A03, probabilistic inferencellev1§, and physics N* 11]
that reduces these di cult problems into simpler ones that can be solved with supervised learning
with minimal human supervision. Methods that are discussed in this dissertation can compress
neural networks by60%yet achieving better accuracy (Chapter SE20, perform realistic image
manipulation100 faster than state-of-the-art methods such as StyleGAN2 (Chaptés SMEZ2]),
reduce wall-clock time of probabilistic inference algorithms by more than 90% (Chapt&ZELT),
and reduce the number of crashes of autonomous driving agents by 50% to 70% (Chapter 10,
[SRSE18])), illustrating their e ectiveness in concrete applications.

1.1 Overview

1.1.1 Compression via Supervised Learning

Representation learning is a fundamental problem in machine learning, which processes raw data
into structured representations that are easier to understand. While representations can be learned
via direct supervised learninge(g, from inputs to labels), labeled data can be much more expensive
and di cult to acquire than unlabeled onesHiIFW* 19. As a result, methods based on unsupervised
learning can be more promising, since it allows the use of large amounts of unlabeled data to
boost performance on downstream tasks and alleviate the use of lab&d 13 DCLT18 MK13
RNSSI18BMR' 2(. Ideally, these representations should retain information about real-world data
as much as possible, useful for downstream applicatiang,(inear classi cation) and su ciently
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(a) InfoMax via classi cation. (b) MI estimation. (c) Fair representation learning.

Figure 1.2:.Compression via Supervised Learning. (a) InfoMax is a simple principle for rep-
resentation learning but hard to apply in practice since mutual information is hard to estimate
from samples. (b) We found that unbiased estimators have very high variance and proposed a
practical high-con dence lower bound estimator with low bias; (c) We nd the most informative
representations under fairness constraints with alternative notions of information.

concise (e, compressed). Given our goal of learning concise and useful representations of the data,
we will use the term compression for representation learning.

Mutual information estimation for representation learning Information Maximization (In-
foMax, BS99 is a fundamental principle for learning representations from vast amounts of
unlabeled data, where th€Shannon) mutual informatiofMI), a measurement of mutual depen-
dence, is maximized between the observations and learned representations (Figure ). As mutual
information is di cult to measure directly from samples, the InfoMax principle can be instantiated

by supervised learning : given the observations, we dearna classi er to measure mutual infor-
mation, which can then be used to learn better representations. However, accurately estimating
mutual information remains a challenging problem, and it is unclear whether the estimated mutual
information learning in unsupervised representation learning are accurate enough to re ect the
actual amount of information that is learned.

Many existing methods maximize unbiased estimators of mutual information lower bounds. In
Chapter 3, | showed that these may not apply well in practical scenarios because of exponentially
high variances SE20L | proposed a multi-label classi cation approaclsE20bthat balances the
bias-variance trade-o and outperforms existing state-of-the-art methods in terms of compressing
neural networks and learning compact representations of high-dimensional data.

Fair representation learning  Large datasets are often collected with certain biases against
minority groups [Naj2q, and our models may inherit such biases without careful design. This
motivates our project in fair representation learning, which we detail in Chapter 5. As an example,
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suppose that we wish to distribute a datasetd, hospital diagnostics) to a downstream vendor
(hospital or research institute), but we do not wish to leak certain sensitive information about
the patients €.g, gender or ethnicity). This requires us to process the dataget @btain a
representation) that is su ciently informative but also protects against the sensitive attributes that
we care about. In fair representation learning, we often wish to learn informative representations
while limiting the unfairness of the representations. To this end, we introduce the rst framework
of controllable fair representation learninggKG 1§ (Figure ), where owners of a dataset with
certain sensitive attributese(g, gender) can prevent compute-constrained downstream users from
exploiting these attributes and making unfair decisions.

1.1.2 Generation via Supervised Learning

Generative models trained on large amounts of unlabeled data have achieved great success in
various domains including image8PS18KLA* 20, ROV19 HJA2(Q, text [LGL" 20, AABS19,

audio [DJP 20, PPZS20vdODZ" 16, MEHS2], and graphs GZE19NSS 2(. These models are
designed to model high-dimensional probability distributions that can be highly complex and rich

in modalities. Unlike direct supervised learning which models a conditional distribution typically
from a complex input to a less complex output a generative model may learn from unlabeled
data, and thus does not necessarily have complex input modalities. This makes it challenging to
train complex, multi-modal generative models despite the amazing success in deep learning for
supervised learning. In this dissertation, | discuss how we can leverage advances in supervised
learning to improve generative models.

Reweighted examples for generative models  In supervised learning, one common objective
function is to perform reweighting over samples. For example, one can assign higher weights
to data points that are harder, which encourages the model to learn these harder examples. In
contrast, if the dataset is assumed to contain labels that do not re ect the ground triugh labels
gathered from crowdsourcing or web-supervision), then we might be inclined to assign lower
weights to examples that might be incorrect in the rst place. IBIE20} | leveraged a similar idea

in learning generative adversarial networks, where we assign higher weights to examples that
appear more realistic (Figure ); this simple approach has been shown to consistently improve
the performance of state-of-the-art generative adversarial networks with negligible computational
overhead.
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(a) Improved supervised learning with reweighted labels.(P) Improved supervised learn-
ing with negative data.

Figure 1.3Supervised learning for generative models. Generative models can bene t from
advances in how the supervised learning approach is involved.

Negative examples for generative models A fundamental problem surrounding generative
models is how to de ne generalization ZRY" 1§. Generalization is necessary in generative
models because without such a notion we can simply memorize the entire training dataset and
achieve the minimum loss; however it is di cult to specify the boundaries to which we wish to
generalize. If we have a image dataset with every image containing two objects, then it would be
natural tonot generate images with one or three objects; however, if the dataset contains images
with two, three, and four objects, then suddenly it could be di cult to determine whether we
should generate images with one or ve objects.

The extent to which the model should generalize beyond the dataset is typically encoded as an
inductive bias that is implicit within the model (and mostly beyond user control). However, there
are cases where we wish to tell the model when it should not generalizeSKg 21], we discuss
how we can incorporate such prior knowledge into the generative model, by simply performing data
augmentations that produces negative examples. This negative data augmentation technique
directly impacts the supervised learning procedure and improves the resulting generative model
(Figure ).

Few-show conditions for generative models  Downstream applications of generative models
are often based on various conditioning signals, such as labé{314, text descriptions MPBS1}b
and reward valuesYLY" 1§. If we attempt to directly train conditional models, we would have
to acquire large amounts of paired dataNIB" 14, RPG 21] that are costly. Therefore, it is often
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Figure 1.4: Overview of few-shot conditional generation.

desirable to learn good generative models from large amounts of unlabeled data, and then embed
new conditions via supervised learning; if we are able to learn high-quality representations, then
the supervised learning procedure here would not have to involve lots of dataSBNIE2]] we
discuss how advances in representation learning can be leveraged to perform few-shot conditional
generative modeling, where a few labeled examples are all that is needed to introduce conditions
to an unconditional generative model (Figure 1.4).

1.1.3 Inference via Supervised Learning

Figure 1.5:Supervised learning for Bayesian inference. We can use supervised learning to
measure e ciency of MCMC proposals.

Bayesian Inference  Markov Chain Monte Carlo (MCMC) methods have played important roles

in statistics and machine learning as a fundamental method for probabilistic inference and sampling.
Despite their immense success, they have seen little use with deep neural networks. This is because
evaluating and selecting a good proposal distribution a key elementin MCMC is oftaore
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art than sciencfHLZ14, i.e, it requires design choices from domain experts that are di cult to
describe via automated procedures.

| addressed this challenge via supervised learning, where a model learns to evaluate the e ciency
of a proposal distribution from supervised learning. In turn, this model can be used to optimize
for more e cient MCMC proposals. This has lead to the rst end-to-end method that learns an
e cient MCMC proposal with neural networks EZE1Y. The key insight is that higher-quality
MCMC proposals produce samples that are less correlated, which can be quanti ed through a
classi er that distinguishes correlated samples from decorrelated ones. The classi er then provides
a di erentiable objective that can be used to guide more e cient proposals. My learned proposals
outperformed the best hand-crafted ones by 8 500 in terms of statistical e ciency, opening
the avenue for MCMC methods to bene t from deep learning.

Figure 1.6Supervised learning for reward inference. These rewards can then be used to learn
diverse behaviors, such as in autonomous driving.

Inference in Inverse Reinforcement Learning A key aspect of intelligent agents is the ability
to perform sequential decision making. While reinforcement learning is successful for this goal
when reward functions are well-de ned, their applications are limited in real-world multi-agent
scenarios where it is di cult to engineer the correct reward functions, such as autonomous driving;
even the slightest reward mis-speci cation can have catastrophic e ects [HMMA, AC16].

| address this issue via supervised learning: given multi-agent interactions, we learn multiple
classi ers to distinguish demonstrated interactions from learned ones; these classi ers can then
serve as reward functions to guide multi-agent policies. These learned classi ers can guide agents
towards desired complex behaviors, which do not have to be cooperative or zero-sum as often
assumed by prior work. Based on this, | proposed the rst framework that infers reward functions
from general multi-agent interactions, which only assumes that the demonstrators form a Nash
Equilibrium [SRSE18].
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For more realistic scenarios with many agents such as tra c, | further extended this framework
to a novel equilibrium concept that assumes bounded rationality of the demonstrato&E[Lp
| made it scalable to many more agents, learning from real-world tra ¢ data and inferring the
latent behavior of the agentd [SE17aGSKE2] On real-world tra ¢ datasets, our learned policies
provide a 50% - 70% reduction in the number of crashes compared to other learned policies.

1.2 Dissertation Structure

This dissertation consists of three parts, where we discuss how supervised learning can be integrated
and improved in three distinctive yet connected problems in unsupervised machine learning:
compression, generation and inference.

Part| is about compression learning rich and compact representations of data without labels.
In particular, we consider the information maximization paradigm and explore the fundamental
limitations and practical challenges of applying this notion to unsupervised representation learning.

In Chapter 3, we start by a summary of how mutual information are estimated and optimized in
unsupervised representation learning and discuss their limitations. We then introduce an estimator
that has signi cantly lower variance. This chapter was previously published as [SE20c].

In Chapter 4, we further discuss the bias and variance trade-o s of mutual information lower
bound estimators, which can also be optimized for representation learning. We introduce an
estimator based on multi-label classi cation that achieves the lowest bias among all valid lower
bound estimators. This chapter was previous published as [SE20D].

In Chapter 5, we consider a regression approach to mutual information estimation and apply it
to learning fair representations. This chapter is primarily based &K[G 19 and also includes
materials from [XZS 20].

Part Il is about generation learning generative models from unlabeled data that can be used to
synthesize additional novel data. We can improve generative models by improving the correspond-
ing supervised learning components. We also leverage methods and observations introduced in
Part I.

In Chapter 6, we discuss a reweighted objective function in supervised learning, how it is
related to traditional estimators of probability divergences, and how it can be used to improve
generative modeling. This chapter was previously published as [SE20a].



CHAPTER 1. INTRODUCTION 9

In Chapter 7, we introduce negative data augmentations in supervised learning, which reduces
bias and improves generalization of generative models. This chapter was previous published as
[SKS 21].

In Chapter 8, we consider a generative model that is suitable for few-shot conditional generation,
i.e, new conditions can be learned from a few examples. Thanks to supervised learning methods
for representation learning, our approach can learn new conditions from as few as 100 examples,
which can then be applied to image generation and manipulation. This chapter is primarily based
on [SSME21] and also includes materials from [SMEZ20].

Part lll is about inference how machines can e ciently infer latent factors from observations
when these factors are hard to provide by humans. We can use supervised learning to infer these
latent factors or improve the inference process itself.

In Chapter 9, we introduce the rst method that learns to optimize Markov chain Monte Carlo
methods, which is a hallmark in Bayesian inference (and one of the top-10 algorithms in the 20th
century). This chapter was previously published as [SZE17].

In Chapter 10, we discuss how we can infer latent variables that re ect the intentions of agents
operating in a multi-agent scenario, which can be applied to transportation systems. This chapter
is primarily based on [SRSE18] and [YSE19] and also includes materials from [GSKE20].

We conclude and discuss future directions in Chapter



Chapter 2

Background

We begin by providing some background d¢earning distributiond.e, comparing and optimizing
high-dimensional distributions, which includes images, videos, audio, graphs, and demonstrations
sequences among other data modalities. We rst formally setup the task of comparing and opti-
mizing distributions. Next, we discuss several machine learning problems that belong to learning
distributions, such as compression and generation. Finally, we categorize and compare two major
approaches of learning distributions that leverages supervised learning techniques.

2.1 Comparing and Optimizing Distributions

Notations We use uppercase letters to denote a probability measure (B.gQ) and corre-
sponding lowercase letters to denote its density (likelihood) functions (e,@j) unless speci ed
otherwise (in certain cases we may use notations sucli@sanddQ). We useX;Y to denote
random variables with sample spaces denotekaandY respectively, andP (X) (or P(Y)) to
denote the set of all probability measures over the Boredlgebra onX (orY).
UnderQ 2 P (X), thep-norm of a functionr : X ! Ris de ned as
z

krkp := ( jrjPdQ)*=?

with krky =1lim pi1  krkp. The set of locallyp-integrable functions is de ned as

LP(Q):= fr: X! Rjkrkp< 1g:

10



CHAPTER 2. BACKGROUND 11

The space of probability measures wf. is de ned as
( Q):=fr2LYQ)jkrky=1;r 0g;

we also call this the space of valid probability ratios / valid density ratios wi®. For example,
dP=dQ 2 ( Q) becaus&dP=dQk; = (dP=dQ)dQ =1.WeuseP  Q todenote thatP is
absolutely continuous with respect tQ.

Let us assume that we have two distributiois and Q, under the same domain. In many
machine learning problems, we access to these distributiond.u samples but do not have
further knowledge about them. For example, we have access to a dataset of high-resolution images
and assume these are collectiedd. from an underlying data distributior , yet we cannot query
the probability mass/density function of the data distributidh. A general scenario for machine
learning tasks is to estimate and/or optimize some notion of discreparcy, (@ probabilistic
divergence) between the two distributior’®d and Q (for which we often access only via samples):

D(P; Q) or alternatively, D(p;0) (2.1)

which are both based on common notation practices in machine learning. One common divergence
is the KL divergence:

DL (P;Q) = Ex pllogdP(x) logdQ(x)] (2.2)
= Ex pllogp(x) logq(x)] (2.3)

minimizing which is highly related to maximum likelihood. KL divergence also belongs to a
large family of divergence callefl-divergences. For any convex and semi-continuous function
f .[0;1)! Rsatisfyingf (1) = 0, thef -divergence Csi64 AS6§ between two probabilistic
measure$; Q 2 P (X) is de ned as:

Df (P;Q) = Eq f gg (2.4)
£ gp
= xf @(X) dQ(x); (2.5)

if P Qand+1 otherwise. The for KL-divergence is simply (u) = ulogu. We defer the
discussion of other divergences, such as the integral probability melvialp7], to the relevant
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chapter.
Next, we discuss speci ¢ problems of compression, generation, and inference that belong to
the general problem of estimating/optimizing distributions.

2.1.1 Compression

We use the terntompressioas an alias to learning compact representations from unlabeled data.
In representation learning, we are interested in learning a (possibly stochastic) netivorkK ! Y

that maps some data 2 X to a compact representatiom(x) 2 Y . For ease of notation, we denote
p(x) as the data distributionp(x ; y) as the joint distribution for data and representations (denoted
asy), p(y) as the marginal distribution of the representations, ak¢dY as the random variables
associated with data and representations. The InfoMax principie$8 BS95DHFLM" 1§ for
learning representations considers variational maximization of the mutual informati@X ; Y):

p(x;y)

p0)P(Y) (2.6)

L(X5Y) = Exxy) pxy) 109

Mutual information is also the KL-divergence between two distributidAs= p(x;y) andqg =
p(x)p(y), which is maximized for the purpose of compression. Thus the objective function
becomes:

maximize Dk (P(X;Y); P(X)P(Y)); (2.7)

which is our main focus in Part I.

2.1.2 Generation

In generative modeling, our goal is to learn a data distributiBn:= pgata given access to a training
set €.9, a dataset of images). To this end, we parametrize a family of mddelswhose elements
Q := g are speci ed by a set of real-valued parametersOur goal is to nd the distribution
g 2 M such that some notion of discrepancy betwepg, andqg is minimized:

minimize D(P;Q); (2.8)

and the learned model distribution would be close enough to the desired data distribution. This is
our main focus in Part II.
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Figure 2.1Compression as optimizing a discrepancy. In this illustration, x are the raw images
andy are the corresponding embeddings obtained from a neural networks. Our goal is to maximize
the discrepancy betweep(x;y) andp(x)p(y) such that the learned representations are more
suitable for other downstream tasks.

Figure 2.2Generation as optimizing a discrepancy. Our goal is to minimize the discrepancy
between the data distribution (represented as the image dataset) and model distribution, such that
the model can be used to synthesis new images.
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Figure 2.3inference as optimizing a discrepancy. In Markov chain Monte Carlo methods, our
goal is to select an appropriate Markov chain that converges quickly to the stationary distribution;
speci cally, we minimize the discrepancy between the stationary distribution distribution and the
distribution obtained at a certain timestep

2.1.3 Inference

Probabilistic inference (or Bayesian inference) is a method of statistical inference which uses Bayes'
rule to update the probability for a hypothesis. Suppose that we have a prior distribution for
hypotheses() and a likelihood function of the datg conditioned on a certain hypothesis
p(yj) ,then updated posterior distributiop( jy) can be computed from the Bayes' rule:

P:=p( jy)/ plyi) p() (2.9)

In this dissertation, we discuss two cases where supervised learning can be applied to inference. In
Chapter 9, we discuss how we can optimize for more e cient inference procedures; in Chapter 10,
we introduce how to use supervised learning to solve an inference problem. Here we discuss more
extensively the setup in Chapter

Speci cally, we consider the case of Markov chain Monte Carlo (MCMC), which is a general
purpose method for sampling from a probability distributior.@, the posteriorP) [N* 11]. Intu-
itively, MCMC methods construct ergodic Markov chains; let us denote the resulting distribution
at timet to beQ;. A nice property of MCMC is that its stationary distribution.¢, the distribution
reached when the Markov chain was sampled for in nite time, @ ) is guaranteed to be the
desired probability distribution for a large family of valid transitions. However, as we have only
limited computational power, it is more desirable to select more e cient transitions that converge
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faster; this gives rise to the following objective:
minimize D (P; Q) (2.10)

for some time stef (or many di erent time steps). Smaller divergence values would suggest that
the Markov chain converges faster to the stationary distributiBn

2.2 Variational Methods for Comparing Distributions

As we do not have much additional information of the distributios and Q beyond samples,

we would have to rely on approximations to estimate and/or optimize the divergences. In this
section, we brie y describe two families of variational methods of estimating divergences, one
based on a lower bound and the other based on the upper bound; choice of the speci ¢ variational
approach may depend on the speci ¢ setup. For example, if we wish to minimize the divergence
(e.g, generative modeling), then upper bounds can be more stable to optimize than lower bounds;
if the reverses is trued.g, representation learning), then we might prefer lower bounds instead.

Jensen's inequality Jensen's inequality is a general inequality that appears in many forms
depending on the context, from which many results in the dissertation are derived.

Lemma 1 (Jensen's inequality)Let : X ! R be aconvex function, afti2 P (X) a distribution
with sample spac€. Then:

Ex p[ ()] (Ex plx]) (2.11)

Fenchel duality  For functionsg: X ! R de ned over a Banach space, the Fenchel dual o,
g : X ! Risdened overthe dual spack by:

g (x ):=suphx ;xi g(x); (2.12)
X 2X

whereh; i is the duality paring. For example, the dual spaceRSfis alsoR® andh; i is the usual
inner product [Roc70].
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2.2.1 Lower bounds of f -divergences

We rst introduce a known variational lower bound td -divergencesiNWJ0§, which serves as
the basis of using supervised learning methodsWJ1(Q derive a general variational method to
estimatef -divergences given only samples frommand Q.

Lemma 2 ([NWJ10]) 8P;Q 2 P (X) suchthatt  Q, and di erentiablef :

Di (PkQ)= sup I¢(T;P;Q); (2.13)
T2L1! (Q)
where 1¢(T;P;Q):= Ep[T(x)] Eolf (T(X))] (2.14)

and the supremum is achieved wier f YdP=dQ).

Example 1: Generative Adversarial Networks  In generative adversarial networks (GANS,
[GPAM" 14)), the goal is to t an (empirical) data distributiodPgaa With an implicit generative
model overX, denoted af) 2 P (X). Q is de ned implicitly via the procesX = G (Z), where

Z is arandom variable with a xed prior distribution. Assuming accessificd. samples fronPyata
andQ , adiscriminatorT : X ! [0; 1] is used to classify samples from the two distributions,
leading to the following objective:

min maxEy pg,, [l0gT (X)]+ Ex o [log(1 T (x))]:

If we have in nite samples fronPyata, andT andQ are su ciently expressive, then the above
minimax objective will reach an equilibrium wher® = Pgyaa andT (x)=1=2forallx 2 X .
In the context of GANs, [NCT16] proposed variatiorfaldivergence minimization where one
estimatedD+ (pgata KQ ) with the variational lower bound in equation while minimizing over
the estimated divergence. This leads to th€SAN objective:

minmaxEx py,, [T (X)] Ex o [f (T (X)) (2.15)
where the original GAN objective is a special casefidu) = ulogu (u+1)log(u+1)+2log2.

Example 2: Contrastive Predictive Coding A variety of mutual information estimators have
been proposed for representation learning\VJ0§vdOKV" 16 BBR 18 POvdO 19. Contrastive
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predictive coding (CPC, also known as InfoNCEIDLV1§), poses the mutual information estima-
tion problem as arm-class classi cation problem. Here, the goal is to distinguishasitivepair
(x;y)  p(x;y) from(m 1) negativepairs(x;y) p(x)p(y). If the optimal classi er is able
to distinguish positive and negative pairs easily, it meansindy are tied to each other, indicating
high mutual information.

For a batch oh positive pairsf (x;yi)g/L, , the CPC objective is de ned as

" #
L(g):= E 1 log m S(ﬁ"ly') — (2.16)
N oyt 29X i)
for some positive critic functiorg: X Y ! R, , where the expectation is taken overpositive

pairs(xi;yi) p(x;y)andn(m 1) negative pairdXi;yi;) p(x)p(y).
In Chapter 4, we present a more detailed argument showing that the CPC obijective is a lower
bound to mutual information.

2.2.2 Upper bounds of f -divergences

Let us consider the case of hypothetical latent variable mogéls, z) andq(x ; z) where:
z z
p(x;z)dz = p(x); q(x;z)dz = q(x): (2.17)

We have the following upper bound dd¢ (p(x); q(x)) from Jensen's inequality:
z z

DI (PxizyaiZ) = a0 Azl s dzd 219
4 !
MO aziOb T dz dx= DA (249)
A special case is the KL divergence, where
Dic (4(x;2) P 2)) = Equy Equpo1090(zix)  logp(xi2)] H(a(z)  (2:20)

whereH (q(x)) = Eqx)[logq(x)] denotes the entropy. If we denotgx) as the data distribution,
then its entropy is constant with respect to the model distribution and thus can be safely ignored:;
this is the foundation to the evidence lower bound (ELBO) in variational inference, and can be used
to derive the variational autoencoder (VAE) objective function [KW13, RMW14]. Other examples

!We suppress the dependenciesmmndm in L (g) (and in subsequent objectives) for conciseness.
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of applying upper bounds of -divergences include the Neural Density Imitation methddJS 2q
and Denoising Di usion Probabilistic ModelsHJA2Q SME2[, for conciseness, we only discuss
the VAE objective in this chapter.

Example: Variational Autoencoders A latent variable generative model (LVGM) is posed as
a conditional distributionp : Z ! P (X) from a latent variablez to a generated sample,
parametrized by . To acquire new samples, LVGMs draw random latent variaklé®m some
distribution p(z) and map them to image samples through p (xjz). Most LVGMs are built
on top of four paradigms: variational autoencoders (VABSW13 RM13), Normalizing Flows
(NFs, PKB14 DSDB1§), Generative Adversarial Networks (GANSGPAM' 14), and di usion /
score-based generative models [HJA20, SE19c].

Particularly, VAEs use an inference model fromto z for training. Denoting the inference
distribution from x to z asq (zjx) and the generative distribution frorz to x asp (xjz), VAEs
are trained by minimizing the following upper bound of negative log-likelihood:

LvaE = Ex puaa [Ez q @iy 10gp (Xjz)]+ Dk (9 (2jX); p(2))] (2.21)
= Ex pon [Ez q @zix)[ logp (x;2) logq (zjx))] (2.22)

_ p (x;2)
= Ex pua Ez q (zjx) log q (ZjX) (2.23)

p (X;2)

Ex Pdata logE, q (zjx) = Ex pdata[ logp (x)] (2.24)

q (zjx)

where pyata IS the data distribution and is the KL-divergence.
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Compression via Supervised Learning
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Chapter 3

Compression via Mutual Information

Let us begin our journey with supervised learning for compressibe, representation learning.
Much prior work on data compression rely on hand-designed procedures for speci ¢ applications
(such as recovering original images from JPEG and PNG), which are not necessarily optimal for
other data modalities and tasks (such as image retrieval). This task is also di cult to supervise
directly: unlike labels of an image, it is hard to have a consensus over how to compress the data
(e.g. from crowdsourcing). A common principle that is adopted in representation learning is
based on the mutual information maximization principle (InfoMax), namely, we wish to maximize
the mutual information between the original data and the learned representations. Variational
approaches based on neural networks are showing promise for estimating mutual information (Ml)
between high dimensional variables. However, they can be di cult to use in practice due to poorly
understood bias/variance trade-o s.

In this chapter, we theoretically show that, under some conditions, estimators such as MINE
exhibit variance that could grow exponentially with the true amount of underlying MI. We also
empirically demonstrate that existing estimators fail to satisfy basic self-consistency properties of
MI, such as data processing and additivity under independence. Based on a uni ed perspective of
variational approaches, we develop a new estimator that focuses on variance reduction. Empirical
results on standard benchmark tasks demonstrate that our proposed estimator exhibits improved
bias-variance trade-o s on standard benchmark tasks.

This chapter is previously published as [SE20c].

20



CHAPTER 3. COMPRESSION VIA MUTUAL INFORMATION 21

3.1 Introduction

Mutual information (M) estimation and optimization are crucial to many important problems in
machine learning, such as representation learni@JH" 16 ZSE18aTZ15 HAP" 1§ and rein-
forcement learning PAED17vdOLV1§. However, estimating mutual information from samples is
challenging MS18 and traditional parametric and non-parametric approach&gVS04GVSG15
GKOV1T struggle to scale up to modern machine learning problems, such as estimating the Ml
between images and learned representations.

Recently, there has been a surge of interest in MI estimation with variational approadw63
NWJ10DV7Y, which can be naturally combined with deep learning methodsDM16vdOLV18
POvdJ 19. Despite their empirical e ectiveness in downstream tasks such as representation
learning [HFLM" 18 VFH" 1§, their e ectivenessfor MI estimatiorremains unclear. In particular,
higher estimated MI between observations and learned representations do not seem to indicate
improved predictive performance when the representations are used for downstream supervised
learning tasks [TDR 19].

In this chapter, we discuss two limitations of variational approaches to Ml estimation. First, we
theoretically demonstrate that the variance of certain estimators, such as the Mutual Information
Neural Estimator (MINE,BBR 1§), could growexponentiallywith the ground truth Ml, leading to
poor bias-variance trade-o s. Second, we propose a saetffconsistency testger basic properties
of MI, and empirically demonstrate that all considered variational estimators fail to satisfy critical
properties of Ml, such as data processing and additivity under independence. These limitations
challenge the e ectiveness of these methods for estimating or optimizing MI.

To mitigate these issues, we propose a uni ed perspective over variational estimators treating
variational Ml estimation as an optimization problem over (valid) likelihood ratios. This view
highlights the role of estimating partition functions, which is the culprit of high variance issues in
MINE. To address this issue, we propose to improve Ml estimation via variance reduction techniques
for partition function estimation. Empirical results demonstrate that our estimators have much
better bias-variance trade-o compared to existing methods on standard benchmark tasks.

3.2 Background and Related Work

Additional Notations ~ We usel g to denote an estimator forg where we replace expectations
with sample averages.
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3.2.1 Variational Mutual Inforamtion Estimation

The mutual information between two random variables andY is the KL divergence between the
joint and the product of marginals:

L(X5Y) = D (POXY)KP(X)P(Y)) 3.1)

which we wish to estimate using samples from(X;Y ); in certain cases we may know the
density of marginals (e.d? (X )). There are a wide range of variational approaches to variational
MI estimation. A traditional variational information maximization approach uses the following
result [BAO3]:

Lemma 3 (Barber-Agakov (BA))For two random variableé andY :
1(X;Y)= Sl;p Ep(x:v)[logqg (xjy) logp(x)]=: Isa(q) (3.2)

whereq : Y ! P (X) is a valid conditional distribution ovet giveny 2 Y andp(x) is the
probability density function of the marginal distributiBr{X ).

Another family of approaches perform MI estimation through variational lower bounds to KL
divergences. For example, the Mutual Information Neural Estimator (MINBR 1§) applies the
following lower bound to KL divergences [DV75].

Lemma 4 (Donsker-Varadahn (DV))8P; Q 2 P (X) such thatt  Q,

Dk (PkQ)= sup  Ep[T] logEqle’]=: lwne (T) : (3.3)
T2L1 (Q)

In order to estimate mutual information, one could set= P(X;Y ) andQ = P(X)P(Y),
T as a parametrized neural network (e.§.(x;y) parametrized by ), and obtain the estimate
by optimizing the above objective via stochastic gradient descent over mini-batches. However,
the corresponding estimatdfyne (Where we replace the expectations in Eq. (3.3) with sample
averages) is biased, leading to biased gradient estimaB3R[18 propose to reduce bias via
estimating the partition functionEq [e" ] with exponential moving averages of mini-batches.

The variationalf -divergence estimation approachNWJ1QNCT16 considers lower bounds on
f -divergences which can be specialize to KL divergence, and subsequently to mutual information
estimation (this is a special case to Lemma 2 in Chapter 2):
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Lemma 5 (Nyugen et al. (NWJ))8P;Q 2 P (X) suchthatr  Q,

D (PkQ) = sup  Ep[T] Eqle’ = I (T) (3.4)

andDy (PkQ) = Inws (T) whenT =log(dP=dQ) +1.

The supremum over is a invertible function of the density ratialP=dQ, so one could use
this approach to estimate density ratios by inverting the functioN\WJ1ONCT16 GE17. The
corresponding mini-batch estimator (denoted Bgy; ) is unbiased, so unlike MINE, this approach
does not require special care to reduce bias in gradients.

Contrastive Predictive Coding (CPC, [vdOLV18]) considers the following objective:

" #
1 X f(Xi;vyi)
lepc(f ) = Epnxyy) —  log4P (3.5)
N S ECED
wheref : X Y ! R gisaneural network parametrized byandP"(X;Y ) denotes the joint

pdf forn i.i.d. random variables sampled frof(X; Y ). CPC generally has less variance butis more
biased because its estimate does not exdegd, wheren is the batch size\JdOLV18§POvdJ 19.
While one can further reduce the bias with largar the number of evaluations needed for estimating
each batch withf is n?, which scales poorly. To address the high-bias issue of CPC, Raole
al., [POvd0 19 proposed an interpolation betweeltpc andlyw; to obtain more ne-grained
bias-variance trade-o s.

Table 3.1:Summarization of variational estimators of mutual information. The2 ( Q)
column denotes whether the estimator is a valid density ratio wgt. (X) means any parameteri-

zationisvalidy(n ! 1 ) means any parameterization is valid as the batch size grows to in nity;
(tr '1 ) means only the optimal parametrization is valid (in nite training cost).

Category | Estimator | Params | (r;Qn) | 2 (Q

Gen. (ea q q (Xjy)=p(x) X
fom (EQ. (39)) pip P | P (X;¥)=p ()P (¥) tr!l
(MINE T el X¥)=Eq [T (V)] nt1i

Disc. (cpc f f (X;y)=Ep, (v)[f (X;¥)] X
(smiLE T: el (x ;y):EQn [eSiP(T (<) )] | ;11
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3.3 Variational mutual information estimation as optimization over
density ratios

In this section, we unify several existing methods for variational mutual information estimation.
We rst show that variational mutual information estimation can be formulated as a constrained
optimization problem, where the feasible set (s Q), i.e. the valid density ratios with respect Q.

Theorem 1. 8P;Q 2 P (X) suchthatr  Q we have
Dke (PkQ) = sup Epllogr] (3.6)
r2(Q

where the supremum is achived winend P=dQ.

We defer the proof in Appendix . The above argument works for KL divergence between
general distributions, but in this paper we focus on the special case of mutual information estimation.
For the remainder of the paper, we us to represent the short-hand notation for the joint
distribution P (X; Y ) and useQ to represent the short-hand notation for the product of marginals
P(X)P(Y).

3.3.1 A summary of existing variational methods
From Theorem 1, we can describe a general approach to variational Ml estimation:

1. Obtain a density ratio estimate denote the solution as

2. Projectr to be close to( Q) in practice we only have samples fron®, so we denote the
solution as ( r; Qn), whereQy, is the empirical distribution ot i.i.d. samples fronQ;

3. Estimate mutual information wittep [log ( r; Qn)].

We illustrate two examples of variational mutual information estimation that can be summarized
with this approach. In the case of Barber-Agakov, the proposed density ratio estimatg is
g (xjy)=p(x) (assuming thap(x) is known), which is guaranteed to be if Q) because
z
Eqla (xjy)=p(x)1=  a (xjy)=p(x)dP(x)dP(y) =1; BA(rBa;Qn) = rea  (3.7)

for all conditional distributionsqg . In the case of MINE / Donsker-Varadahn, tlegarithmof the
density ratio is estimated withil' (x;y); the corresponding density ratio might not be normalized,
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so one could apply the following normalization far samples:

Eq, € =Eq,[e"] =1; mine (€7 ;Qn) = e'=Eq, [e" ] (3.8)
whereEq, [€" ] (the sample average) is an unbiased estimate of the partition fundEigfe’ J;

ov (€' ;Qn) 2 ( Q)isonlytruewhenn!1 . Similarly, we show cpc is a lower bound to
Ml in Corollary 7, Appendix , providing an alternative proof to the one in [POVA(®].

These examples demonstrate that di erent mutual information estimators can be obtained in a
procedural manner by implementing the above steps, and one could involve di erent objectives
at each step. For example, one could estimate density ratio via logistic regresdieinM" 18
POvdO 19 MAK19 while using I nwy or Ivine to estimate MI. While logistic regression does
not optimize for a lower bound for KL divergence, it provides density ratio estimates betvwen
and Q which could be used for subsequent steps.

3.3.2 Generative and discriminative approaches to Ml estimation

The above discussed variational mutual information methods can be summarized into two broad
categories based on how the density ratio is obtained.

~ Thediscriminative approacbstimates the density ratidP=dQ directly; examples include
the MINE, NWJ and CPC estimators.

" Thegenerative approadstimates the densities & andQ separately; examples include the
BA estimator where a conditional generative model is learned. In addition, we describe a
generative approach that explicitly learns generative models (GMFOX;Y ), P(X) and
P(Y):

lem(p ;p ;p )= Epllogp (x;y) logp (x) logp (y)I; (3.9

wherep ,p ,p are maximum likelihood estimates &(X;Y ), P(X) andP(Y) respec-
tively. We can learn the three distributions with generative models, such as VA®/]LJ or
Normalizing ows [DSDB16], from samples.

We summarize various generative and discriminative variational estimators in Table

Di erences between two approaches  While both generativeand discriminativeapproaches
can be summarized with the procedure in Section , they imply di erent choices in modeling,
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estimation and optimization.

~ On the modeling side, thgenerative approachesght require more stringent assumptions
on the architectures (e.g. likelihood or evidence lower bound is tractable), whereas the
discriminative approache® not have such restrictions.

On the estimation sidegenerative approachds not need to consider samples from the
product of marginald? (X )P (Y) (since it can modeP (X;Y ), P(X), P(Y) separately), yet
the discriminative approachesquire samples fronf? (X )P (Y); if we consider a mini-batch
of sizen, the number of evaluations for generative approacheq is) whereas that for
discriminative approaches it could bé n?).

On the optimization side, discriminative approaches may need additional projection steps to
be close to( Q) (such ad yne ), While generative approaches might not need to perform
this step (such abga ).

3.4 Limitations of existing variational estimators

3.4.1 Good discriminative estimators require exponentially large batches

In the Ny andlne estimators, one needs to estimate the partition functidBg[r] for some
density ratio estimatorr ; for example/\ne needs this in order to perform the projection step
mine (1 Qnr) in Eq (3.8). Note that theyw; andl yne lower bounds are maximized whantakes
the optimal valuer? = d P=dQ. However, the sample averagéa.NE and(\w; of Eqlr ?] could

have a variance that scalexponentiallywith the ground-truth MI; we show this in Theorem

Theorem 2. Assume that the ground truth density ratfo= d P=dQ andVarQ[r?] exist. LeQp
denote the empirical distributionmf.i.d. samples fror® and letEq, denote the sample average
overQy. Then under the randomness of the sampling procedure, we have:

ek (PkQ) 1

Varg[Eoq, [r 1] — (3.10)
lim nvarqllogEq, [r?] &P (P 1 (3.11)
We defer the proof to Appendix . Note that in the theorem above, we assume the ground

truth density ratior? is already obtained, which is the optimal ratio for NWJ and MINE estimators.
As a natural consequence, the NWJ and MINE estimators under the optimal solution could exhibit
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variances that grow exponentially with the ground truth Ml (recall that in our context Ml is a KL
divergence). One could achieve smaller variances with sorger?, but this guarantees looser
bounds and higher bias.

Corollary 1. Assume that the assumptions in Theorem 2 holdP}eind Q, be the empirical
distributions ofm i.i.d. samples fro® andn i.i.d. samples fror®, respectively. De ne

Inws = Eppllogr?+1]  Eq,[r’] (3.12)
Iving = Epyllogr’] logEq,[r”] (3.13)

wherer? = d P=dQ. Then under the randomness of the sampling procedure, wanha&\:

Varpoll g1 (ePx (PKQ - 1)=n (3.14)

- : Dy (Pk .
lim nVarpg[lging ] €Pxe Pk 1. (3.15)

This high variance phenomenon has been empirically observediaydO 19 (Figure 3) for
M\wy under various batch sizes, where the log-variance scales linearly with MI. We also demonstrate
this in Figure (Section ). In order to keep the varian®aie andlw, relatively constant
with growing MI, one would need a batch size of= (P« (PkQ)) (.pc has small variance, but
it would needn  eP«. (PkQ) to have small bias, as its estimations are boundeddgyn.

3.4.2 Self-consistency issues for mutual information estimators

If we considerX, Y to be high-dimensional, estimation of mutual information becomes more
di cult. The density ratio betweenP (X;Y ) andP (X )P (Y) could be very di cult to estimate
from nite samples without proper parametric assumption®I518 ZRY" 1§. Additionally, the
exact value of mutual information is dependent on the de nition of the sample space; given nite
samples, whether the underlying random variable is assumed to be discrete or continuous will
lead to di erent measurements of mutual information (corresponding to entropy and di erential
entropy, respectively).

In machine learning applications, however, we are often more interested in maximizing or
minimizing mutual information (estimates), rather than estimating its exact value. For example, if
an estimator is 0 by a constant factor, it would still be useful for downstream applications, even
though it can be highly biased. To this end, we propose a sedabf-consistendgsts for any Ml
estimator(", based on properties of mutual information:
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1. (Independence) ¥ andY are independent, thefi(X ;Y)=0;

2. (Data processing) for all functiorgs h,
XYy M(g(x); h(Y))

and

feY) X gOOL LY h(Y)D)
where[ ; ] denotes concatenation.

3. (Additivity) denoteX 1; X 2 as independent random variables that have the same distribution
asX (similarly de ne Yi; Y2), thenl([X 1; X 2l; [Y1; Y2]) 2 I(X;Y).

These properties holds under both entropy and di erential entropy, so they do not depend on
the choice of the sample space. While these conditions are necessary but obviously not su cient
for accurate mutual information estimation, we argue that satisfying them is highly desirable
for applications such as representation learning[)H" 16 and information bottleneck TZ15.
Unfortunately, none of the Ml estimators we considered above pass all the self-consistency tests
when X;Y are images, as we demonstrate below in Section . In particulaggherative
approaches perform poorly when Ml is low (failing in independence and data processing), whereas
discriminativeapproaches perform poorly when Ml is high (failing in additivity).

3.5 Mutual information estimation via clipped density ratios

To address the high-variance issue in thgy; andlyne estimators, we propose to clip the density
ratios when estimating the partition function. We de ne the following clip function:

clip(v;1;u) = max(min( v;u); 1) (3.16)

For an empirical distribution of sample<Q;,, instead of estimating the partition function vig, [r],
we instead consideEq, [clip(r;e ;e )] where 0is a hyperparameter; this is equivalent to
clipping the log density ratio estimator between and .

We can then obtain a following estimator with smoothed partition function estimates:

Ismite (T; )= Ep[T (x;¥)] logEg[clip(e’ *¥);e ;e ) (3.17)
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whereT is a neural network that estimates the log-density ratio (similar to the rolelofin lying ).

We term this the Smoothed Mutual Information Lower-bound Estimator (SMILE) with hyperpa-
rameter ;lswiLe convergestdyne When !'1 . Inour experiments, we consider learning
the density ratio with logistic regression, similar to the procedure in Deep InfoMax [HFLI].

The selection of a ects the bias-variance trade-o when estimating the partition function;
with a smaller , variance is reduced at the cost of (potentially) increasing bias. In the following
theorems, we analyze the bias and variance in the worst case for density ratio estimators whose
actual partition function isS for someS 2 (0;1 ).

R
Theorem 3. Letr(x): X ! R g be any non-negative measurable function such thalQ = S,
S2 (0;1)andr(x) 2 [0;eX]. Dener (x) = clip( r(x);e ;e ) for nite, non-negative . If
<K , then the bias for using to estimate the partition function ofsatis es:

1 e +SEK e)
eX e ’

JEqlr] Eolr i max e j1 Se j
if  K,then

jEolr] Eolr]li e (1 SeX):

Theorem 4. The variance of the estimatég, [r ] (usingn samples fronQ) satis es:

e e

VarlEq,Ir I =

(3.18)

We defer the proofs to Appendix A.1. Theorems 3 and 4 suggest that as we decreasgance
is decreased at the cost of potentially increasing bias. Howev&,iff close to 1, then we could use
small values to obtain estimators where both variance and bias are small. We further discuss the
bias-variance trade-o for a xedr over changes of in Theorem 3 and Corollary

3.6 Experiments

3.6.1 Benchmarking on multivariate Gaussians

First, we evaluate the performance of Ml bounds on two toy tasks detaile@®@yd0 19 BBR 1§,
where the ground truth Ml is tractable. The rst taskaussian) is where(x;y) are drawn from a
20-d Gaussian distribution with correlation, and the second taskCubic) is the same a&aussian
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but we apply the transformatiory 7! y3. We consider three discriminative approachésgc,
Inwa s T smiLe ) and one generative approachdy ). For the discriminative approaches, we consider
the joint critic in [BBR 1§ and the separate critic infJdOLV1§. Forl gy we consider invertible
ow models [DSDB1§ We train all models for 20k iterations, with the ground truth mutual
information increasing by2 per 4k iterations. More training details are included in Appendix

Figure 3.1Evaluation over the SMILE estimator. Performance of mutual information estimation
approaches ofisaussian (top row) andCubic (bottom row). Left two columns arécpc andl nw; ,
next three columns arésy e with  =1:0;5:0;1 and the right column id g with ow models.

Figure shows the estimated mutual information over the number of iterations. In both tasks,
| cpc has high bias andinwg has high variance when the ground truth Ml is high, wherelbgu e
has relatively low bias and low variance across di erent architectures and tasks. Decreasinte
SMILE estimator decreases variances consistently but has di erent e ects over bias; for example,
under the joint critic bias is higher for = 5:0in Gaussian but lower in Cubic. | g with ow
models has the best performance @aussian, yet performs poorly onCubic, illustrating the
importance of model parametrization in thgenerative approaches

In Figure 3.2, we compare the bias, variance and mean squared error (MSE)dithieninative
methodsWe observe that the variance of,y; increases exponentially with mutual information,
which is consistent with our theory in Corollary 1. On the other hand, the SMILE estimator is able
to achieve much lower variances with smallvalues; in comparison the variance of SMILE when

= 1 is similar to that ofl yw3 in Cubic. In Table , we show thdky e can have nearly

two orders of magnitude smaller variance thanw; while having similar bias. ThereforbsyLe
enjoys lower MSE in this benchmark Ml estimation task comparediN@; andl cpc.

We release our code inttps://github.com/ermongroup/smile-mi-estimator
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